In this paper, we analyze the end-to-end performance of dual-hop free-space optical (FSO) fixed gain relaying systems under heterodyne detection and intensity modulation with direct detection techniques in the presence of atmospheric turbulence as well as pointing errors. In particular, we derive the cumulative distribution function (cdf) of the end-to-end signal-to-noise ratio (SNR) in exact closed form in terms of the bivariate Fox's H function. Capitalizing on this cdf expression, novel closed-form expressions for the outage probability, the average bit-error rate (BER) for different modulation schemes, and the ergodic capacity of dual-hop FSO transmission systems are presented. Moreover, we present very tight asymptotic results for the outage probability and the average BER at high SNR regime in terms of simple elementary functions, and we derive the diversity order of the considered system. By using dual-hop FSO relaying, we demonstrate a better system performance as compared with the single FSO link. Numerical and Monte Carlo simulation results are provided to verify the accuracy of the newly proposed results, and a perfect agreement is observed.
models have been presented to characterize the turbulenceinduced fading in FSO systems, and Gamma-Gamma distribution is the most suitable model to characterize moderate to strong turbulence regimes [9] . Moreover, FSO transmission is sensitive to weather conditions, such as rain, aerosols, and particularly fog. This dependence on the atmospheric conditions can significantly affect the reliability of FSO systems. Furthermore, thermal expansion, wind loads, and small earthquakes cause building sway that results in deviation of the beam from its original path. This misalignment between the transmitter and the receiver, known as pointing error, can significantly impact the quality of FSO links [10] .
FSO systems can be classified into two categories based on the detection type at the receiver side, namely coherent and non-coherent. Non-coherent systems, also known as intensity modulation with direct-detection (IM/DD), are commonly used in FSO links mainly because of their simplicity and low cost [6] . In such systems, the receiver directly detects the intensity of the emitted light. With recent advances in integrated circuits as well as high-speed digital signal processing, coherent detection is becoming more attractive [11] [12] [13] [14] . In such systems, the incoming optical signal is mixed with a local oscillator (LO) before photo-detection, which improves the receiver sensitivity [15] , [16] . Another interesting property of coherent detection is that amplitude, frequency, and phase modulation can be employed, which considerably increase the system spectral efficiency [14] . Furthermore, coherent detection allows background noise rejection [17] . Coherent systems can be further categorized into two classes, homodyne and heterodyne systems. In homodyne detection, the LO is running at the same frequency as the incoming radiation while in heterodyne detection, the frequency of the local oscillator and the incoming radiation can be different.
Relaying technique has been demonstrated as an efficient solution to mitigate the short range as well as the turbulenceinduced fading. By using short hops, this technology can broaden the coverage and improve the FSO link performance [5] , [18] [19] [20] . As such, considerable efforts have been devoted to study the relay system performance when FSO and radio-frequency (RF) are used in series in the so-called mixed RF/FSO systems under both heterodyne and IM/DD techniques employing decode-and-forward (DC) or amplifyand-forward (AF) relaying [21] [22] [23] [24] [25] [26] [27] [28] [29] . In such system models, multiple RF users can be multiplexed and sent over the FSO link. This also has increased the interest to study the performance of dual-hop mixed FSO/RF systems, where the FSO link is used as a broadcast channel that serves different 1536-1276 © 2016 IEEE. Personal use is permitted, but republication/redistribution requires IEEE permission.
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RF users. As per authors' best knowledge, the first exact closed-form performance analysis of dual-hop FSO/RF fixed gain relaying systems has been carried out in [30] . Having such interesting results motivates further the analysis of dualhop FSO fixed gain relaying communication systems. In [31] , bounds for the performance analysis of dual-hop FSO system with channel-state information (CSI)-assisted amplify-andforward (AF) relay are presented. An experimental setup of an all-optical 10-Gbps dual-hop FSO system using an AF relay has been presented in [32] . Highly motivated by the experimental verification in [32] , this paper studies the end-to-end performance of dual-hop FSO systems in exact closed-form. To the best of the authors' knowledge, this represents the first exact closed-form performance study of such systems. Indeed, the use of fixed gain relay introduces a shift in the expression of the endto-end signal-to-noise ratio (SNR) making the analysis quite challenging. Hence, we develop a new analytical framework to evaluate the performance of dual-hop FSO systems with either of the two types of detection techniques (i.e. IM/DD or heterodyne detection) under the combined effect of atmospheric turbulence and pointing errors. The results show a significant improvement in the performance of the dual-hop FSO system over the single FSO link and are as such in a perfect agreement with what was observed experimentally in [32] . More specifically, we derive the cumulative distribution function (CDF) of such systems in terms of the bivariate Fox's H function. Then, we derive the performance metrics such us the outage probability, the average bit-error rate (BER) for different modulation schemes, and the ergodic capacity of the dual-hop FSO system. At high SNR, we provide very tight asymptotic results for the outage probability and the average BER in terms of simple elementary functions, and we derive the diversity order of the considered system. The remainder of this paper is organized as follows. In Section II, we introduce the channel and communication system model. We derive the cumulative distribution function (CDF), the probability density function (PDF), the moment generating function (MGF), and the moments of the end-to-end signal-to-noise ratio (SNR) of dual-hop FSO systems in Section III. Capitalizing on these results, we present closed-form expressions of the outage probability, the average BER, and the ergodic capacity along with the asymptotic analysis at high SNR regime in Section IV. Section V presents some numerical and simulation results to illustrate the mathematical formalism presented in the previous section. Finally, some concluding remarks are drawn in Section VI.
II. CHANNEL AND SYSTEM MODELS
We consider a dual-hop optical communication system where the source terminal S is communicating with the destination terminal D through a half-duplex relay terminal R. The two FSO hops (i.e. S-R and R-D) are assumed to be subject to independent but not necessarily identically distributed Gamma-Gamma fading that accounts for pointing errors and both types of detection techniques (i.e. IM/DD as well as heterodyne detection). In this paper, we assume a high-energy FSO system whose performance is limited by shot noise as well as thermal noise. In this case, the noise can be modeled to high accuracy as zero mean, signal independent additive white Gaussian noise (AWGN) (a widely accepted assumption in many reported works in the literature [33] [34] [35] [36] ).
The overall instantaneous SNR of a dual-hop FSO system employing AF equipped with fixed gain relay under the assumption of negligible saturation can be written as [37] 
where C is a constant inversely proportional to the squared relay's gain [37] , and γ i is the instantaneous SNR of the i th hop for i ∈ (1, 2) with the PDF given in [28, eq. (3) ] as
where
, r i is the parameter that represents the type of detection being used (i.e. r i = 1 is associated with heterodyne detection and r i = 2 associated with IM/DD), ξ i denotes the ratio between the equivalent beam radius at the receiver and the pointing error displacement standard deviation (jitter) at the receiver given as
, with σ 2 s,i is the jitter variance at the receiver and w z eq ,i is the equivalent beam radius at the receiver [10] , G ·,· ·,· (·) is the Meijer's G function, and μ r i refers to the average electrical SNR of the i th hop. In particular, for r i = 1,
and for r i = 2,
with α i and β i the fading parameters related to the atmospheric turbulence conditions [3] . More specifically, assuming a plane wave propagation in the absence of inner scale, α i and β i can be determined from the Rytov variance as [3] 
is the Rytov variance, C 2 n,i denotes the refractive-index structure parameter, λ i is the wavelength, and L i represents the propagation distance of the i th hop for i ∈ (1, 2). Moreover, by using [38, 
III. END-TO-END SNR STATISTICS
A. Cumulative Distribution Function

1) Exact Analysis:
The CDF of the overall SNR, γ , for a dual-hop FSO system under both types of detection techniques (i.e. heterodyne detection as well as IM/DD) with pointing errors taken into account can be given in exact closed form as [40] whose MATLAB implementation is presented in [41] .
Proof: See Appendix A. It is worthy to mention that for the special case where the two FSO hops operate under heterodyne detection, i.e. r 1 = 1 and r 2 = 1, the unified expression given by (8) 
Note that an efficient MATHEMATICA implementation for G .,.:.,.:.,.
.,.:.,.:.,. (·, ·) is presented in [42, Table II] .
2) High SNR Analysis: The exact expression of the CDF in (8) is derived in terms of the bivariate Fox's H function which is a quite complex function and is not a standard built-in function in most of the well-known mathematical software packages such as MATLAB and MATHEMATICA, and as such it reveals limited physical insights. Therefore, we present an asymptotic analysis of the CDF in the high SNR regime. In particular, a very tight asymptotic result for the CDF in (8) (10), as shown at the bottom of this page. It should be noted here that the CDF expression given in (10) includes only summations of basic elementary functions, as compared to the exact CDF expression derived in terms of the bivariate Fox's H function in (8) . This result, being much more analytically tractable, is very accurate and converges perfectly to the exact result at high SNR. Interestingly enough, with the help of this simple result, one may easily derive the diversity order of the dual-hop FSO system in the presence of pointing errors for both heterodyne and
IM/DD detection techniques. As can be seen from (10), the diversity order of the considered system is a function of the type of receiver detection being used in each hop (i.e. r 1 and r 2 ), the two FSO hop's turbulence parameters (i.e. α 1 , β 1 , α 2 , and β 2 ), and the pointing errors (i.e. ξ 1 and ξ 2 ).
Proof: See Appendix B. It is important to note that this expression is very useful to obtain asymptotic results for the MGF and the average BER at high SNR range as will be shown in the next sections.
B. Probability Density Function
Differentiating (8) with respect to γ results in the exact closed-form expression of the PDF of γ in terms of the bivariate Fox's H function, that is,
Proof: See Appendix C.
C. Moment Generating Function 1) Exact Analysis:
The MGF, defined as M γ (s) = E[e −γ s ], can be expressed in terms of the CDF by using integration by parts as [22] 
Substituting the CDF expression derived in Appendix A into (12) , and applying [43, 
When r 1 = 1 and r 2 = 1, (13) becomes the MGF of dual-hop FSO systems using the heterodyne detection technique and can be represented in terms of the bivariate Meijer's G function as
2) High SNR Analysis: By substituting (10) into (12) then applying the integral identity [43, eq. (3.381/4)], the MGF in (13) can be asymptotically expressed at high SNR in terms of basic elementary functions as shown by (15) , as shown at the top of the next page.
It is important to note here that the asymptotic result for the MGF in (15) is easily tractable and particularly useful to evaluate the average symbol error rate (SER) of M-PSK and M-QAM by applying the MGF-based approach. By utilizing this method, the SER can be calculated based entirely on knowledge of the MGF of the end-to-end SNR without ever having to compute its PDF and CDF [44] .
D. Moments
The nth moments of the end-to-end SNR of a dual-hop FSO system using both types of detection techniques, defined as E[γ n ] = ∞ 0 γ n f γ (γ ) dγ , can be shown to be given in terms of the Fox's H function by
Proof: See Appendix D. Note that an efficient MATHEMATICA implementation for evaluating the Fox's H function H ·,· ·,· (·) is presented in [46] . Furthermore, in the special case of a dual-hop FSO system operating under heterodyne detection (i.e. r 1 = 1 and r 2 = 1), (16) simplifies to
It is worthy to mention that the moments expressions in (16) and (17) are useful to obtain closed-form expressions for the n th -order amount of fading given as [47] 
IV. END-TO-END PERFORMANCE METRICS
A. Outage Probability
The outage probability is a standard performance metric of an FSO communication system. It is defined as the probability that the end-to-end SNR, γ , falls below a certain specified threshold, γ th . An exact closed-form expression for the outage probability of dual-hop fixed gain relaying FSO systems in operation under both heterodyne detection as well as IM/DD with pointing error impairments can be easily obtained from (8) , that is, P out = F γ (γ th ).
B. Average Bit-Error Rate
1) Exact Analysis:
A unified expression for the average BER can be given in a compact form as
where n, δ, p, and q k vary depending on the type of detection (heterodyne technique or IM/DD) and modulation being assumed. It is worth accentuating that this expression is general enough to be used for both heterodyne and IM/DD techniques and can be applicable to different modulation schemes. Prior to presenting the unified BER closed-form results, we shall introduce Theorem 1 as follows , then I (a, b) 
Based on Theorem 1, we get a general expression of the average BER for OOK, M-QAM, and M-PSK modulations as follows
where n, δ, p, q k are summarized in Table I .
2) High SNR Analysis:
The average BER expression in (19) can be rewritten in terms of the CDF of γ by using integration by parts as
Utilizing (22) together with (10), we obtain a very tight asymptotic expression of the average BER at high SNR in terms of simple elementary functions as shown in (23), as shown at the bottom of the next page. Furthermore, the diversity order of the dual-hop FSO system can be given by
C. Ergodic Capacity
The ergodic capacity of dual-hop FSO communication systems in operation under both heterodyne technique and IM/DD can be given by [48, eq. (26) ], [49, eq. (7.43) ], [50, eq. (15) where the factor 1 2 is used because the relay terminal R is assumed to be operating in half-duplex mode, and c is a constant such that c = e/(2π) for IM/DD technique (i.e. r i = 2) and c = 1 for heterodyne technique (i.e. r i = 1) for i ∈ (1, 2) . Note that the expression in (25) is exact for r i = 1 while it is a lower-bound for r i = 2, and can be derived in closed-form in terms of the bivariate Fox's H function as
Proof: See Appendix F. In the special case when the two FSO links use the heterodyne detection technique (i.e. r 1 = 1 and r 2 = 1), the ergodic capacity in (26) further simplifies to
V. NUMERICAL RESULTS In this section, we provide some numerical results to illustrate the mathematical formalism presented above and prove its correctness by means of Monte Carlo simulations. Without loss of generality, we assume equal average SNRs of both the links, γ 1 = γ 2 = γ with turbulence parameters for S-R
) (
) ( Clearly, we observe from Fig. 1 that the analytical results provide a perfect match to the MATLAB simulated results proving the accuracy of our derivation. As expected, it can also be observed from this figure that for both dual-hop FSO and single FSO links, the outage probability performance degrades in the case of strong pointing errors. Furthermore, it can be seen that connecting two FSO links in series can significantly mitigate the pointing error impairments and as such improve the system performance, compared to the single FSO link. This result is in a perfect agreement with what was experimentally demonstrated in [32] . For example, at SNR=20 dB, for ξ = 6.7, the outage probability of the single FSO link is P out = 8.551300 × 10 −2 and it decreases to 1.07390010 −2 in the case of the dual-hop FSO links. Fig. 2 depicts the outage probability performance of a dualhop FSO system in the presence of moderate (α = 5.42, β = 3.79) and strong (α = 4, β = 1.71) turbulence conditions under both IM/DD and heterodyne detection for negligible effect of the pointing error (ξ = 6.7). We observe that for a given type of detection, P out increases with an increase in the turbulence severity leading to a performance deterioration. It can also be shown that implementing heterodyne detection results in a considerable improvement in the dual-hop system performance compared to IM/DD, as expected. In fact, despite its complexity, heterodyne detection has been proposed as an alternative type of detection in FSO communication systems being able to better overcome the turbulence effects, relative to IM/DD technique [52] . For example, in the case of moderate turbulence, to achieve an outage probability of 10 −3 , an SNR of 13 dB is required for the heterodyne detection technique while this increases to 26 dB when using the IM/DD technique. The outage performance of the considered dual-hop system in operation under IM/DD technique (i.e. r 1 = 2 and r 2 = 2) for different pointing errors is illustrated in Fig. 3 . The first FSO link undergoes strong turbulence and the second link undergoes moderate turbulence. It can be observed from Fig. 3 that the smaller the value of the pointing error parameter (i.e. the larger the value of the jitter), the stronger is the impact of the pointing error and therefore, the higher is the outage probability of the dual-hop FSO system. For example, at SNR=35 dB, the outage probability P out = 6.47 × 10 −3 for ξ = (2.1, 6.7) and it increases to 2.72 × 10 −2 and 1.29 × 10 −1 when ξ = (1.12, 1.45) and ξ = (0.76, 0.93), respectively. The asymptotic results of the outage probability at high SNR values obtained by using (10) are also shown in Fig. 3 . As clearly seen from this figure, the asymptotic results of the outage probability are in a perfect match with the analytical results in the high SNR regime. This observation justifies the accuracy and the tightness of the derived asymptotic expression in (10) .
In Fig. 4 , the average BER for 64-QAM, 16-QAM, 16-PSK, and OOK modulation schemes of a dual-hop FSO system derived in (21) is plotted versus the average SNR, under strong turbulence conditions and negligible pointing errors. Moreover, this figure includes the average BER results for a single FSO link that experiences the Gamma-Gamma fading with pointing errors taken into account. Expectedly, it can be observed from Fig. 4 that the dual-hop FSO system offers better performance in terms of turbulence-induced fading mitigation for all types of modulation schemes, as compared with the single FSO link. This result, being experimentally verified in [32] , emphasizes the effectiveness of the dual-hop FSO system in improving the performance of FSO links. For example, at BER=10 −3 , using dual-hop relaying results in a SNR gain of approximately 10 dB for OOK, and 5 dB for 64-QAM, 16-QAM, and 16-PSK modulation schemes. Furthermore, it can be inferred from Fig. 4 that heterodyne systems using M-QAM or M-PSK modulations perform much better than IM/DD systems with OOK modulation. This performance enhancement is due the fact that heterodyne technique can better overcome the turbulence effects which comes at the expense of complexity in implementing coherent receivers relative to the IM/DD technique. It can also be noticed from systems using different modulation schemes for strong pointing error ξ = (1.12, 1.45) . The first and the second FSO links are assumed to operate under strong and moderate turbulence conditions, respectively. It can be observed from Fig. 5 that the asymptotic expression of the average BER at high SNR given in (23) matches exactly the analytical expression derived in (21) proving the accuracy of the proposed asymptotic results at high SNR regime.
The ergodic capacity for both dual-hop FSO and single FSO links in operation under heterodyne detection as well as IM/DD is presented in Fig. 6 . We can see from this figure that the analytical results of the ergodic capacity given by (26) for the dual-hop system and [51, eq. (13)] for the single FSO link are in a good match with the simulated results. One of the most important outcomes of Fig. 6 is the capacity gain achieved by cascading two FSO links in series. For example, at SNR=30 dB, the capacity improves by 1.48% and 3.51% for IM/DD technique and heterodyne detection technique, respectively. Expectedly, it can be seen from this figure that heterodyne detection outperforms the IM/DD technique for both dual-hop and single FSO links.
The ergodic capacity of the dual-hop FSO system in operation under IM/DD technique is presented in Fig. 7 for strong and moderate turbulence conditions with different pointing errors. It can be seen from this figure that as the effect of the turbulence and pointing error increases, the ergodic capacity degrades. Interestingly, it can observed that the effect of the turbulence conditions on the system capacity is more intense when the FSO link undergoes negligible pointing errors (ξ → ∞) as compared to the scenario when the FSO system is under severe pointing errors (ξ → 0).
VI. CONCLUSION
In this paper, we have investigated analytically for the first time the outage performance, the average BER, and the ergodic capacity of a dual-hop FSO system using AF fixed gain relaying in operation under both heterodyne detection as well as IM/DD including pointing error effects. In addition, tight asymptotic results for the outage probability and the average BER at high SNR have been derived in terms of simple functions. We demonstrated that the dual-hop FSO system outperforms the single FSO link and is capable of mitigating turbulence-induced fading and pointing errors. The effect of atmospheric turbulence and pointing errors on the dual-hop FSO link performance has also been studied and, as expected, severe pointing errors and strong turbulence can severely degrade the overall system performance of both single FSO and dual-hop FSO links.
APPENDIX A CDF OF THE END-TO-END SNR
In this appendix, we derive the CDF of the end-to-end SNR γ starting with
which can be expressed as
Integrating over the same area and interchanging the integrals yields
Substituting (2) and (7) 1)] , we obtain the CDF expression of the end-to-end SNR given in (8). Hamza Soury (S'11) was born in Gafsa, Tunisia.
